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OVERPARAMETRISATION IN DEEP NETS: A BLESS FOR 

PRACTITIONERS, A CURSE FOR THEORISTS
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training error
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generalisation error
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TP = {Xµ, Y µ}µ=1,...,P
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f 2 F hypothesis space

STATISTICAL LEARNING THEORY IN A NUTSHELL: 

MAIN INGREDIENTS

PX ,Y(X,Y )
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input/output joint probability distribution

X
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STATISTICAL LEARNING THEORY IN A NUTSHELL: 

(ONE) MAIN THEOREM
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�✏(f) = ✏g(f)� ✏t(f) generalisation gap

Theorem [Vapnik-Chervonenkis]
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� > 0
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1� �

VC dimension: a compact measure of the expressivity of a model  
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 uniform in the functions of the model and data-independent



STATISTICAL LEARNING THEORY: MAIN LIMITATIONS

“[…] Their derivation reveals many possible causes for their poor quantitative performance:


(i) Practical data distributions may lead to smaller deviations (between the expected 
and empirical classification error) than the worst possible data distribution.


(ii) Uniform bounds hold for all possible classification functions. Better bounds may 
hold when one restricts the analysis to functions that perform well on plausible 
training sets.”


(from L. Bottou, “Making Vapnik-Chervonenkis bounds accurate”)

the VC dimension of a DNN is (very) 
roughly proportional to the number of 
trainable parameters
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⇠ 106 � 109
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⇠ 104 � 106the typical size of a training dataset in a 

supervised learning problem is of order 
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MAIN GOAL: Improve this bound with Statistical Physics



THE OTHER MAJOR FRAMEWORK TO INVESTIGATE 

GENERALISATION: THE TEACHER-STUDENT SCENARIO
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fT(x) =
1p
NT

NTX

↵=1

t↵�
(T)
↵ (x)

input density distribution  
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P (x, y) = ⇢(x)� (y � fT(x))

a teacher provides the ground truth (the label)
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fS(x) =
1p
NS

NSX

↵=1

v↵�
(S)
↵ (x)

a student optimises its weights to match 

the ground truth

linear teacher, linear student, factorised input density is a textbook exercise  

polynomial teacher, polynomial student, factorised input density 
[R. Dietrich, M. Opper, H. Sompolinsky; PRL (1999)]


Goal: compute the optimal generalisation 

and training errors for large NS and P



RECENT RESULTS: GENERALISATION AND TRAINING ERRORS 
FOR GENERIC KERNELS/GENERIC (QUENCHED) FEATURES

[A. Canatar, B. Bordelon, C. Pehlevan; Nat. Comm. (2021)]

[B. Loureiro, C. Gerbelot, H. Cui, S. Goldt, F. Krzakala, M. Mézard, L. Zdeborová; NeurIPS (2021)]

Based on a conjecture: the Gaussian Equivalence Principle

These formulas capture the learning curves of multilayer neural networks 

if we consider as features those obtained by pre-trained networks on realistic datasets!
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���(S)

Exact formulas for the generalisation and training errors.

Particularly simple for regression problems and quadratic loss function
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RESULTS: FROM QUENCHED FEATURES TO A UNIVERSAL MEAN 
FIELD UPPER BOUND FOR THE GENERALISATION GAP OF DNNS
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✓ = {W,v} number of weights 

in the last layer
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Nout ⌧ P
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104 � 105

<latexit sha1_base64="TRcoxkB0mJgChERkFOzpyu10h+E=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBD0EnZF1IMH0YvHKHkI2TXMTjpxcPbhTK8Ylv0ZL/6KFw8GETz5K84mEdRYMFBT3UV3lx9LodG2P6yp6ZnZufnCQnFxaXlltbS23tBRojjUeSQjdeUzDVKEUEeBEq5iBSzwJTT927O83rwHpUUU1rAfgxewXii6gjM0Urt0bFNXwh11IdZCGiV1ER5QBWkvy66/P/QyoztuwPCGM0mbuyNPrV0q2xV7CDpJnDEpkzGq7dLA7UQ8CSBELpnWLceO0UuZQsElZEU30RAzfst60DI0ZAFoLx1emdFto3RoN1LmhUiH6k9HygKt+4FvOvNN9d9aLv5XayXYPfJSEcYJQshHg7qJpBjRPDLaEQo4yr4hjCthdqX8hinG0QRbNCE4f0+eJI29inNQ2b/YL5+cjuMokE2yRXaIQw7JCTknVVInnDySZ/JKBtaT9WK9We+j1ilr7Nkgv2B9fgGHdKU+</latexit>

0  ✏Rg (W)  T

<latexit sha1_base64="+scty+gaNAILdFRK2ZbmPMz0mxM="></latexit>

�✏(W) ' 2✏Rg (W)
Nout

P

the equation holds for each realisation of the 

weights      and it assumes perfect training 

over the last layer

<latexit sha1_base64="VbU/Ddu0yLIlFcqihGjmzG4UAvg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGTEqSLtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42TzwlZ1YZkDBW9klD5urvjYxGWk+iwE7OEuplbyb+53VTE177GZdJalCyxUdhKoiJyex8MuAKmRETSyhT3GYlbEQVZcaWVLIleMsnr5LWRdW7rNbua5X6TV5HEU7gFM7Bgyuowx00oAkMJDzDK7w52nlx3p2PxWjByXeO4Q+czx8j4pCU</latexit>W



RESULTS: FROM QUENCHED FEATURES TO A UNIVERSAL MEAN 
FIELD UPPER BOUND FOR THE GENERALISATION GAP OF DNNS

the gap of fully-trained DNNs should decrease at least as 1/P asymptotically

the degradation of the generalisation performance should be at most linear 

as the size of the last layer is increased

the bound rules out any asymptotic linear or sub-linear dependence on the size of 

the hidden layers

valid for any local 

minimum of the 

loss function of the DNN


<latexit sha1_base64="gYXlSJofnQCuUUd6sPQN8UT1878="></latexit>

�✏̃(W) =
�✏(W)

T
 2Nout

P



linear 

teacher 


quadratic 

teacher


one-hidden 

layer teacher


In all these experiments the input density is factorised 

over its coordinates

RESULTS: GENERALISATION GAP FOR TOY FULLY CONNECTED  
STUDENTS TRAINED ON SYNTHETIC DATASETS 



Remark: the generalisation gap is defined for 

regression, not for classification

RESULTS: GENERALISATION GAP FOR STATE-OF-THE-ART 
ARCHITECTURES TRAINED ON MNIST



<latexit sha1_base64="i/h5D/owPQi1FiJbCrOyFBwj3Kk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF09SwX5AG8Jms22X7iZhd1IsIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto5TRVmLxiJW3YBoJnjEWsBBsG6iGJGBYJ1gfDvzOxOmNI+jR5gmzJNkGPEBpwSM5Nv2vZ/1gT2BktmIh3nu21Wn5syBV4lbkCoq0PTtr34Y01SyCKggWvdcJwEvIwo4FSyv9FPNEkLHZMh6hkZEMu1l88tzfGaUEA9iZSoCPFd/T2REaj2VgemUBEZ62ZuJ/3m9FAbXXsajJAUW0cWiQSowxHgWAw65YhTE1BBCFTe3YjoiilAwYVVMCO7yy6ukfVFzL2v1h3q1cVPEUUYn6BSdIxddoQa6Q03UQhRN0DN6RW9WZr1Y79bHorVkFTPH6A+szx9doJQm</latexit>

Nhid

<latexit sha1_base64="BXBOsPGGlN8CunsHwmIb++BDQME=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKhlUAvLCOYDciHsbSbJkr29Y3dOCEca/4qNhSK2/gw7/42b5ApNfDDweG+GmXlBLIVB1/12ciura+sb+c3C1vbO7l5x/6BhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQz9ZuPoI2I1AOOY+iEbKBEX3CGVuoWj/xbkMioj0L2IPUhNkJGatItltyyOwNdJl5GSiRDrVv88nsRT0JQyCUzpu25MXZSplFwCZOCnxiIGR+xAbQtVSwE00lnD0zoqVV6tB9pWwrpTP09kbLQmHEY2M6Q4dAselPxP6+dYP+qkwoVJwiKzxf1E0kxotM0aE9o4CjHljCuhb2V8iHTjKPNrGBD8BZfXiaN87J3Ua7cV0rV6yyOPDkmJ+SMeOSSVMkdqZE64WRCnskreXOenBfn3fmYt+acbOaQ/IHz+QMRVZa8</latexit> �
✏̃

<latexit sha1_base64="02jtIQ5+c6Dn5dXY9RCKbi9j8Aw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6rLoxpVUsA9oQphMJ+3QyYOZG7GEbNz4K25cKOLWf3Dn3zhts9DWAxcO59zLvff4ieAKLOvbWFpeWV1bL22UN7e2d3bNvf22ilNJWYvGIpZdnygmeMRawEGwbiIZCX3BOv7oauJ37plUPI7uYJwwNySDiAecEtCSZx45gSQ0q+EbL3OAPYAMsziFPM+zZu6ZFatqTYEXiV2QCirQ9Mwvpx/TNGQRUEGU6tlWAm5GJHAqWF52UsUSQkdkwHqaRiRkys2mX+T4RCt9HMRSVwR4qv6eyEio1Dj0dWdIYKjmvYn4n9dLIbhwMx4lKbCIzhYFqcAQ40kkuM8loyDGmhAqub4V0yHRsYAOrqxDsOdfXiTtWtU+q9Zv65XGZRFHCR2iY3SKbHSOGugaNVELUfSIntErejOejBfj3fiYtS4ZxcwB+gPj8weTt5lL</latexit>

2Nout

P

RESULTS: THE FORM OF THE BOUND RULES OUT ANY LINEAR 

OR SUBLINEAR DEPENDENCE OF THE GAP ON THE SIZE OF 

HIDDEN LAYERS

<latexit sha1_base64="i/h5D/owPQi1FiJbCrOyFBwj3Kk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF09SwX5AG8Jms22X7iZhd1IsIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto5TRVmLxiJW3YBoJnjEWsBBsG6iGJGBYJ1gfDvzOxOmNI+jR5gmzJNkGPEBpwSM5Nv2vZ/1gT2BktmIh3nu21Wn5syBV4lbkCoq0PTtr34Y01SyCKggWvdcJwEvIwo4FSyv9FPNEkLHZMh6hkZEMu1l88tzfGaUEA9iZSoCPFd/T2REaj2VgemUBEZ62ZuJ/3m9FAbXXsajJAUW0cWiQSowxHgWAw65YhTE1BBCFTe3YjoiilAwYVVMCO7yy6ukfVFzL2v1h3q1cVPEUUYn6BSdIxddoQa6Q03UQhRN0DN6RW9WZr1Y79bHorVkFTPH6A+szx9doJQm</latexit>

Nhid
<latexit sha1_base64="Qtwpx622V0iMlnU0qOUEF1oeG78=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF09SwX5AG8Jmu2mXbjZhd1IsIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDvzOxOmNI/lI0wT5kVkKHnIKQEj+bZ972d9YE+goixOIc99u+rUnDnwKnELUkUFmr791R/ENI2YBCqI1j3XScDLiAJOBcsr/VSzhNAxGbKeoZJETHvZ/PIcnxllgMNYmZKA5+rviYxEWk+jwHRGBEZ62ZuJ/3m9FMJrL+MySYFJulgUpgJDjGcx4AFXjIKYGkKo4uZWTEdEEQomrIoJwV1+eZW0L2ruZa3+UK82boo4yugEnaJz5KIr1EB3qIlaiKIJekav6M3KrBfr3fpYtJasYuYY/YH1+QOTDJRJ</latexit>

Nout

Not only a universal upper bound, but a universal state equation?

two hidden layer student learns a one hidden layer teacher



CONCLUSIONS AND FUTURE PERSPECTIVES

A more stringent and universal asymptotic upper bound 

for the generalisation gap of DNNs

The approach (at the moment) is FAITH in spirit

FAITH  = Fairly Accurate Intuition Through Handwaving

One (out of many) possible next step: finding the most general set of 
hypotheses such that the deep gaussian equivalence principle holds
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