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Available methods:

Dynamic Mode Decomposition

SINDy

Neural networks architectures

Dimensionality reduction with 
latent coordinates dynamics

… often cannot:

‣ Return physically meaningful sparse models 

of practical use

‣ Make predictions outside their training 

dynamical regime

‣ Deal with generic observables of the 

dynamics

Brunton & Kutz (2019); Karniadakis et al. (2021); Champion et al. (2020) 



Dynamics-based machine learning

Cenedese, Axås, Bäuerlein, Avila & Haller, Nat. Commun. 13 (2022) 872

Focus on key structures of the phase space: spectral submanifolds (SSM)

Attracting, robust hypersurfaces 
existing in generic embeddings

Capture nonlinear phenomena, 
also in the presence of external forcing 

Their dynamics is described 
by simple normal forms

ρ̇j =αj(ρ,θ)ρj − fj sin(Ωt− θj),

j θ̇j =ωj(ρ,θ)ρj + fj cos(Ωt− θj),ρ̇j =αj(ρ,θ)ρj − fj sin(Ωt− θj),

j θ̇j =ωj(ρ,θ)ρj + fj cos(Ωt− θj),
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Data

x1(t1) x1(t2) ... x1(tk) ...
x2(t1) x2(t2) ... x2(tk) ...
...

xj(t1) xj(t2) ... xj(tk) ...
...

x1(t1) x1(t2) ... x1(tk) ...
x2(t1) x2(t2) ... x2(tk) ...
...

xj(t1) xj(t2) ... xj(tk) ...
...

x1(t1) x1(t2) ... x1(tk) ...
x2(t1) x2(t2) ... x2(tk) ...
...

xj(t1) xj(t2) ... xj(tk) ...
...

SSM dimension,  
polynomial orders

Parameters

x1(t1) x1(t2) ... x1(tk) ...
x2(t1) x2(t2) ... x2(tk) ...
...

xj(t1) xj(t2) ... xj(tk) ...
...

Analytics &  
predictions

Data-driven SSM 
embedding

Data-driven reduced-order model SSMLearn

Normal form of the SSM-reduced dynamics

Reduced model  
trajectory

Normal form identification

ρ̇1 = α0,1ρ1 + β1,1ρ31 + β1,2ρ22ρ1+
κ1,1ρ1ρ2 cos(ψ)− κ1,2ρ1ρ2 sin(ψ)

ρ̇2 = α0,2ρ2 + α2,2ρ32 + α2,1ρ12ρ2+
κ2,1ρ21 cos(ψ)− κ2,2ρ21 sin(ψ)

θ̇1 = ω0,1 + γ1,1ρ21 + γ1,2ρ22+
σ1,1ρ2 sin(ψ) + σ1,2ρ2 cos(ψ)

θ̇2 = ω0,2 + γ2,2ρ22 + γ2,1ρ21+
σ2,1ρ21ρ

−1
2 sin(ψ) + σ2,2ρ21ρ

−1
2 cos(ψ)

ρ̇ = α0ρ+ βρ3

θ̇ = ω0 + γρ2

ρ̇1 = α0,1ρ1 + β1,1ρ31 + β1,2ρ22ρ1
ρ̇2 = α0,2ρ2 + α2,2ρ32 + α2,1ρ12ρ2
θ̇1 = ω0,1 + γ1,1ρ21 + γ1,2ρ22
θ̇2 = ω0,2 + γ2,2ρ22 + γ2,1ρ21

Recognize  
& estimate

Chart

Parametrization
Reduced  
dynamics

Forced 
responses

Geometry

Amplitude 
dependence of 
timescales

time

ob
se
rv
ab
leTime simulations  

of the reduced-
order model

x1(t1) x1(t2) ... x1(tk) ...
x2(t1) x2(t2) ... x2(tk) ...
...

xj(t1) xj(t2) ... xj(tk) ...
...

damping
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ρ1 cos θ1 ρ1 sin θ1

ρ 2
co
s
θ 2
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\begin{array}{ccccc}
x_1(t_1) & x_1(t_2) & ... & x_1(t_k) & ... \\
x_2(t_1) & x_2(t_2) & ... & x_2(t_k) & ... \\
... &  &  &  &  \\
x_j(t_1) & x_j(t_2) & ... & x_j(t_k) & ... \\
... &  &  &  & 
\end{array}

\begin{array}{l}
\dot{\rho} = \alpha_{0}\rho + \beta\rho^3 \\
\dot{\theta} = \omega_{0} + \gamma\rho^2 
\end{array}

\begin{array}{l}
\dot{\rho}_1 = \alpha_{0,1}\rho_1 + \beta_{1,1}\rho_1^3 + \beta_{1,2}\rho_2^2\rho_1  +\\ \,\,\,\,\,\,\,\,\,
\,\,\,\,\, \kappa_{1,1}\rho_1\rho_2 \cos(\psi) - \kappa_{1,2}\rho_1\rho_2 \sin(\psi) \\
\dot{\rho}_2 = \alpha_{0,2}\rho_2 +\alpha_{2,2}\rho_2^3 + \alpha_{2,1}\rho_2^1\rho_2 +\\\,\,\,\,\,\,\,\,\,
\,\,\,\,\,  \kappa_{2,1}\rho_1^2 \cos(\psi) - \kappa_{2,2}\rho_1^2 \sin(\psi) \\
\dot{\theta}_1 = \omega_{0,1} + \gamma_{1,1}\rho_1^2 + \gamma_{1,2}\rho_2^2 +\\ \,\,\,\,\,\,\,\,\,\,\,\,\,
\,  \sigma_{1,1}\rho_2 \sin(\psi) + \sigma_{1,2}\rho_2 \cos(\psi) \\ 
\dot{\theta}_2 = \omega_{0,2} + \gamma_{2,2}\rho_2^2 + \gamma_{2,1}\rho_1^2 +\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,  
\sigma_{2,1}\rho_1^2\rho_2^{-1} \sin(\psi) + \sigma_{2,2}\rho_1^2\rho_2^{-1} \cos(\psi)
\end{array}

M0

github.com/mattiacenedese/SSMLearn


open-source package with guided examples



Prediction of forced responses in liquid sloshing


System identification in nonlinear structures
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Results from experimental data

Cenedese, Axås, Bäuerlein, Avila & Haller, Nat. Commun. 13 (2022) 872
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Results from high dimensional simulation data

Haller, Jain & Cenedese, to apper in SIAM News; Kaszás, Cenedese & Haller, arXiV (2022)

Model reduction of an airplane wing with 133920 dofs


Prediction of tipping points in Couette flow
28 28.5 29 29.5 30 30.5 31

forcing frequency [rad/s]

0

0.01

0.02

0.03

0.04

0.05

di
sp

la
ce

m
en

t [
m

]

Training data

Transitions

x

z

y

Unstable lower state

x
z

y

Stable upper state

SSM

relative energy

energy input dissipation

Full model 
trajectoriesReduced model 

trajectories

Data-driven 
reduced model

Equation-driven 
reduced model

Streamwise velocity 
visualizations

x
z

y

Base state

Finite-element 
model



Check out the codes on github.com/mattiacenedese/SSMLearn


Thanks for your attention


